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on the PhD thesis
«Quantum calculus and its application to fractional differential equations»
by NarimanTokmagambetov

This PhD thesis is devoted to quantum calculus and related applications in
fractional differential equations.

Nowadays there is a considerable interest in these topics. One important reason
for this fact is that this theory is not only very important in itself but for various
applications both in mathematics, technical and natural sciences, e.g. in computer
science, quantum mechanics and quantum physics.

Thus, there has been a significant development in the field of simple
differential and partial differential equations, and a large number of papers and
several books have been published on this topic in various fields. However, the
theory of difference equations with constant and variable coefficients is still in its
early development, and many aspects of this theory still need to be investigated.
Therefore, the use of quantum calculus, including q-calculus, is relevant in finding
solutions to fractional differential equations.

Application of the g-calculus of quantum calculus in differential equations
with fractional derivatives, especially by finding their solutions and proving their
existence and uniqueness, is the aim of this PhD thesis.

The PhD thesis consists of three Chapters.

In Chapter 1 all the formulas, definitions and lemmas that are necessary to
prove the theorems in Chapters 2 and 3 are obtained.

In the first part of the Chapter 2, a nonlinear problem of the Cauchy type with
a g-fractional Riemann-Liouville derivative is considered. First, an equivalence
theorem is proved, which is of independent interest. Next, a theorem on the
existence and uniqueness of a unique global solution of the Cauchy problem in the

space L, [a,b] for & >0 is proved. The g -analogue of the composite fractional
operator or Hilfer derivative operator is also defined. Definitions of the fractional
Hilfer ¢ -derivative and the generalized fractional ¢ -derivative are given. To prove

the main results, two new lemmas of independent interests are proved. Some new
equivalence theorems for the g -fractional problem of Cauchy type and the g -

integration Volterra equation are proved.
Chapter 3 is devoted to derive both explicite and numerical solutions of some
linear-fractional ¢ -difference equations and Cauchy-type problems related to the

fractional Riemann-Liouville g -derivative in g-calculus. These new methods,
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which are based on Voltaire's ¢ -integral equations, compositional relations, and
operational calculations, have been derived in order to obtain specific solutions to
linear ¢ -difference equations. Some of the results have been presented that include
fractional ¢ -difference equations of order > 0and given real numbers in the g -
calculus, as well as numerical processing of fractional ¢ -difference equations. In
addition, some real solutions of linear-fractional ¢ -differential equations with the
Caputo g -fraction of order & > Owere created and investigated. In the final Section
of the Chapter, concrete solutions are obtained for a new modification of the
Schrédinger equation related to the g -Bessel operator. A theorem on the existence

of this solution in the g -calculus in a Sobolev type space is proved. Thus, in

particular, in each Section there are given examples illustrating the new main
results.

[ judge that this study is fundamental in many respects and has made a great
contribution to the development of g-calculus in fractional differential equations. In
particular, some main results of this PhD thesis are already published in the high-
ranked journal “Filomat” (Scopus, Web of Science), and the candidate has presented
them at some international mathematical conferences and seminars.

Summing up, I consider that concerning the scientific significance and novelty
of the obtained results, it is no hesitation that the PhD thesis of Nariman
Tokmagambetov on the theme “Quantum calculus and its application to fractional
differential equations” satisfies all the requirements for a PhD thesis of very good
international standard. Hence, I strongly recommend that the candidate will be
awarded the title Doctor of Philosophy (PhD) in the specialty “6D060100-
Mathematics™.
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Jlorotun / Hopeerust APKTHKR YHHBEPCHTCT
KOMITBIOTEPIIIK FBUILIM HIHE ECCIITCY TEXIHKACE] Kadepach
MrsKkeHepIIiK FBUTBIMIAP KIHE TEXHOTOTHATAP (axyibTeT
Jlonse Jlanrcreitt 2 Hapsuk 8514

Hapuman Tokmaram6eToBThIN
«KBAHTTHIK €CENTey 7aHe OHbI fo/IeK TYLIHILLIB] A depeHHANIBIK TEHALYNEpre
KO//IAHY»
arrbl PhD auccepraunachbina
mikip

JluccepTaisnbiK  HKYMbBIC  KBAUTTIK ceeriTey  KOHE  OHbIL  OOJIIEK  TYbIHALLIb
A pepeHImaibiK TeH/ICYIEPACTT KOJALbICTAPbIHG dapHaIrall.

byriaje 6ya Takplpblil KOFaphl KBI3bIFY HBUILIK TY/ILIPYJA. Omupit Herisri ceGenTepinin
Gipi — Oy/1 TCOpHMAHBIH MaTeMaTHKA/A. JKAPATLUILICTAHY  FhUIIMAAPBIHIAIDL MaHbl3/IbUIBIFBI,
COHBIMEH KarTap OHBI UH(OPMATHKA, KBAHTTLIK Mexainika JKoHe KBAHTTBIK (U3MKA CHSKTHI
KO/IaHO0Ab] FHUTBIM/AP/AbIH FHUIBIMH MaceieIepinsle KeHinel nai/ianany.

Ocpuiaiima, Kapanaibiv b OepeHUHALILIK  TCHICYIEP MeH Gosex  TybIH/AbLIb
TeHzeyaep/e ailTapibIKTai Jiamy Gosbl, apTYPIl cajanap/a ochl TaKbIpLITTA VIIKCH KOUCMIC
viakananap MeH Oiprerie Kitamrap UblFapbuUiibl,  AJlaijia,  TYPAKTHI JKOHE  aybicrabl
kodbdunmerTrepi 6ap q-aHbIPLIMALIK TelyIeyIep TeOpHUACh! At GacTarkbl Ke3eHae Typ. KIHE
Oys1 TEOPHSHBIH KONTCIeH acHexTTepl Uil Ae 3eprTCyIepil  KameT ereni. Jlemek OGosmiek
TYBIHABUIEL AM(QEepeHIMaIIbIK TEHACYIIEP meniMaepid Tadyia KBaHTTBIK ecernTey/ll, OHBIH
imiH/ge q-ecenTey/il Konuany e3eKTi 00JIbI TAObLUIA/LBL.

Besiiek TYbIHAbLIbL AndhepeHnanibiK TeHJICYIEP/IC KBAHTTHIK ecernrTeyiH iiHuert -
ecenTeyal KoaJaHy, oJap/ibLi nrewimyiepid Tady MOHE OJIaplibii Gap Gosybl MEH KaJFbI3AbIFbIH
qanesziey OChl 3ePTTeY KYMbIChIHbIH MAKCATDLI GoJbil TadbUIAMbI.

JluccepTainst Yl rapayjiai Typaibl.

Bipiuii Tapay/ia eKiHLIL 3KoHE VIIiHII Tapaynapipii TeOpeMalapblH noneliey Yulid
xaskeTT] GapibiK GopMynanap, aHbIKTaMallap HaHe nevmaiap Oepliared.

Exinwi Tapayibi Oipikiii Gonimitie Puman-JluyBrinibiin Gosiiek g-
TVBIHIBICH! Oap CHIBIKTLIK EMEC Koty Tunree ecedi KapacTbIpbulibl. AJLIBIMCH IKBUBAJICHTTIK
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TeopeMa JdjeneHi. Opl Kapau, Lqmla,b] kenicririnae @ >0 ywin Koy TATeC cceinin

satrbi3 SKAITBUIAHTAH neuriminin 6ap Oosybl KOHE JAIEBI3IBIFBl  TYpabl  TEOPEMACHIH

qaneneren. CoHbIMEH Katap Kypama Ooufliei ONepaTophilibii HEMECE Xuhbhep TYbIHH

ONEPATOPbIHBIH,  (-aHAJOrbl  Jla  aHbIKrajrai. Xunbpepain Gemek  g-TybIHABICHL  MCH

waineUiaarad 0eJIex Q-TYBIH/IbICBIHbIIL QHLIKTAMAIAPhL Gepinred. Herisri

yaTswenepal JQUeliey YIIiH eKi geMma nonenneni. Ko tunrec ecedl MEH ¢-MHTETpalIbIK
onbTeppa TeHJRYi YlIlH SKBUBAJIEHTTIK TEOpEMadp JIQJIe]JICHICH.

Yininwi Tapay/aa ChI3bIKTHIK GOIIIEK (-aibIPbIMILIK TeHJIeyJIepiHiH aHbIK JKOHE CaH/IbIK
wemimaepi #aHe g-ecernreyier Puman-J lnysuiin Geliiex (- TYbIHJIICBIHA
GaiiansicTsl KOLIH THIITEC €CerTepi KapacThlpblil/ibl. ChI3BIKTBIK Q-aHbIPBIM/BIK TEHJIEYIEpIHE
HaKTsl memivaep Oepy ymin BoabTeppaibii (-MHTErPaibIK TeHICYJICpile,
KOMIOZHUMEILIK  KATHIHACTAPrA JKIHE OlICPalMsIbIK  CCCHTCYIIEpre HErI3ICIICH  TaCLICP

yChIHBLTFaH. KapanafbIM/IbUIBIK yiiin @ >0 perti Gomiex q-aibIphiMILbIK TeHJIeVIICPIH HKaHe



q-ecenteyneri OepiireH HAKTh CaHAAPAbI KAMTHTbIH HoTHIKCIep Gepiare W o
perti KanyToHbIH q-60iiek TybIHALICH] Oap Go/ILCK-ChI3bIKTH R
JupdepeHnHan bk TCHACY/ICPAIH  HAKThl IUCLIIMJEPIH  Kypbuiras. Yonismn o
KOPBITEIHIBLTAHTBIH OetiMinsie q-Beccers oneparopriven GaiimanbieTs: llpeaunrep \
KaHa MOLM(DHKAIMACHIHBIH HAKTHI etizIepi  anbiasl, Byn memmivuin CoBoe.
KeHICTIrinae q-ecenteyae 6ap ekeHairi Typaiel Teopema JonesjieHi. CoHbIMEH, ap
HEri3ri HOTHIKENEPA KopeeTeTiH Oipuetie Mbicaiap kenTipinre.

Byit seprrey keGine ipreni Gosbin Tabkinasb! sKate Golliek TYBIH/IbUIBI TEH/EY . 1¢
CCENTeyiH NaMbITYFa YIKEH YJec KOCThI Jel ecenTelMin. Arar aiTKanaa, 6yn aucceprams
HEerisri HoTmxkesnepi Genemni Filomat KypHansitia (Scopus. Web of Science). comnnaii-us
Katap XaJIbIkapalbik MaTeMaTHKATBIK KOHQEPCHIHSIAD MEH CoM HHAPJIAP/ (b MATEPHAT, 1aD
KapUAIaHFaH,

KopeITbinsuait kere. anpinran HOTHIKCICD LI FBUTBINE MAIBI3ALUILIBL MCH KA

TYPFeCeIHat anrania Hapuvan TokmaramGerosTnin «K BAHTTBIK €CENTEY KIHE OHbI Goames
TYBIHABLILL  du(bepenunan bk Teeyacpre koataiy» artel PhD auccepranmscenl skorans
ACHIe’I XalblKapasbik CraHnaprrarsl PhD AMCCEpTaLMAapra KOMbUIATLIH TajalTapra cal
CKCHZIrIHE eIl KYMOH %OK /eI CAHANMBIN. Comnjibikran Men ymiTkepre MatemaTiia MaMaHAbIF &

DofibiHIna hunocodus AOKTOPLI aTarsid OCpy il YCbIHAMbBIH,
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Peuensnst na quccepranmio NOKTOpanTa crenenu PhD,
Hapumana Tokmaramberosa
«KBanTOBOC HCUNCICHHE M €ro pUMenenHE K S depeHnaTHLHBIM YPABHEHHAM ¢
APOOHBIMH IPOH3BOHBIMEY

Hactosinas nucceprains na conckanne crenenn Jlokropa ¢unocopun (PhD) nocrsmena
KBAHTOBOMY HCHHCICHHIO M COOTBETCTBYIOUINM [IDHIOKCHITIM B APOOHO- e peHIBIaILITLIN
YPABHEHUSIX.

B HacTosuree BpeMs HAGIIOAaCTCA HOBBILLICH MM MHICpEC K AaHHOH Temaruke. OuHol w3
BICHBIX TIPHYMH, 00YCIIABIMBAIOIHX [1040GH LI UHTCPCC ABJIACTCA 1O, YTO JlaHHAS TEOPUS BaKHa
HE TOJLKO cama mo cebe B OTAGNLHOCTH, HO TakKe W Ul PasJIHYHBIX TIPUIIOKEHHH Kak B
MATCMATHKE., TaK H B TEXHHUYCCKUX H CCTCCTBOHIILIN HAYKAN,  Hanpumep, B MH(pOpMaTHKe.
KBAITOBOH MEXaHUKE W KBAHTOBOI (unie,

Taknum ofpazom. B oGnacru HPOCTLIX M PepCHIMaIbHBIX YPABHCHUSX U YPABHCHHUSAX ¢
HaCTHRIMH  TIPOM3BOAHBIMH  HABMIOJACTCS  3HAYHTCIBLIOC PasBUTHE, W 1O JAHHOH Teme
onyGIHKOBaHO GOIIBLIOE KOJIMUCCTRO PadoT U HECKOMLKO KHUI' B PA3IMUHBIX 0G1ACTAX. Tem ne
MERee,  Teopus  AMQPEPCHUHANLHBIN  ypasHenil ¢ HOCTOAHHBIMIL M LHCPENMCHHBIN I
ko3 GuLHMeHTAMH BCe ele HAXOUTES Ha HAHAILIOM HTaNe CBOCIO PasBUTUSL, U MHOIHC ACIICK bl
OTOH TEOpHM ele TpeGyIOT U3yucHus, [looroMy Menoin308aHmMe. KBAITOBOIO HCUHCJICHUS, B TOM
AHEIIC q-HCHHCICHHS. aKTYAILHO 11PU IOUCKE PelleH il podno-nddepentmanunnx vparHenui,

Heabio  nannoit  noxropexoi AUCCCPTANNKT - SBISCTCS  PUMEHEHUE  Q-HCUMCIICHMUS
KBAHTOBOTO MCHHCICHHA B ARGPCPCHIHAILUBIX Y PABICHUSY ¢ JAPOOHBIMU  LIPOM3BOUILIMH, B
HACTHOCTH, HAXOMICHHE HX PCLICHHH M JTOKA30 1CIbCTRO HY CYNICCTBOBAHMS W CAMHCTBCHHOCTH,

Hoxropekast pucceprarus coctouT s TPEX 1J1aR.

B rnaee 1 npusogsrtes Bee opmybl, onpejcienns u emmel, HeoOXOAuMBIC Ul
N0Ka3aTe/IbeTBa TEOPEM B rinapax 2 u 3.

B nepsoii yactu rinase 2 pacemarpuBactes neavieiinag saa4a tuia Koy ¢ ApoOHoil -
HPOM3BOAHOK  Pumana-Jlnysning.  Cuavana  okasbizacres FCOpeMa  IKBUBAJICHTHOCTH.
HpeicTaBifomas nurepee cama 1o cede. Jlaice [ 0kashsacres recopeMa O CyUecTBOBalUKU U
CAMHCTBCHHOCTH YHMKANLHOTO 1106aibioto peineiins saiaun Koy B npoctrpancree L'y, [a.b]
At o >0. Takxe onpeunessierces q-aHAJI0r COCTaBoOro /1pobHoro oneparopa Hiw POU3BO,IHOIO
oneparopa Xumbepa, Jlauel onpejenctus JApobHOIT (-11POH3BOTHOI Xuibhepa u 06061meHHO
ApOOHOH q-TIpoM3BOAHON. )11 JOKAZATCILCTBA OCHOBIBIX PC3YILTATOR JIOKA3LIBAIOTCH [BC HOBLIC
JAEMMBL,  TIPEACTABISIONINC  HC3ARHCHM biji mirepee. J@okwsannt ekoTophic HoBbic I COPCMbI
JKBUBAJICHTHOCTH Ul q-Qpakuuouuoi sajaun Tt Koo H o Q~HITCIPAILHOIO  YPaBHCHKS
Bonbreppa.

I'naBa 3 nocesimena HOJYICHUEO ABHLIX W UHCIACHIILIX PelICHu HCKOTOPBLIX JTHITCHHBIX
JAPOOHBIX (-pasHOCTHBIX YPABHCHHH U 3a/tav (hiia Kowm, Crssanimy ¢ APOOHOH g-LIPON3BO, 1O
Pumana-Jlnysmmis s Q-HCHHCICHUH. JlalbIc HOBBIC MCTO/AbLI, OCHOBAHIIBIC 114 J-HUTCIPAIbLHDBIX
ypaBHeHusix BoispTepa, KoOMMosMumMonumx COOTHOWICHHAX W OMECPAIlMOHHOM HCUHCICHHN. BbuUlN
BBIBENICHBL AT IOYIEHHsI KOHKPETHbIX PCICHME JIMHCHHBIX (-Pa3HOCTHBIX YpaBHeuuit. bbuin
[IPEIICTABJICHBI  HEKOTOPLIE W3 YTUX PESYALTATOR,  KOTOPhIC  BIIIOUAOT  1pobiibie g-
JA(PepenmaibHbIC ypasHenms HOpstAKa ¢ >0 W 3a1aHNbIC BCLICC TBCHHDBIC YKL B q~HCUHCIICHMH,
d TAKKE vuciaeHnyto o0paborky 1pobiibix qruddepetnuanbib. yparnenmii, Kpome 1oro. Gnum
COYIANBL M HCCNCAOBAHBI  HCKOTOPBIC  BCHICCTBCHHBIC PCIICHUS  JIMHCHHO-JPOOHBIX (-
S depenimanbubix YpaBHCHUI ¢ g-(hpakimeit Kanyro nopsika o =0. B sakimoudTensiom
Pa3ICIC  [IaBbl  HOMYYEHBI  KOIKPETHbIC PEHICHIA Ul HOBOWH  MOM(UKAIMK  ypaBHeHng
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Ulpenunrepa, crszannoi c oneparopom g-beeeeas. Jlokasbisaeres teopema o cy

JTOTO PEIICHHS B q-HCYUC/IEHHH B IPOCTPAHCTBE COBOICBCKOI0 THIIA Taxum oBpaso
43JIETIC, B 4ACTHOCTH, IPUBOISITCS IPHMEPEL. HATIOCTPHPYIONMC HOBBIC OCHOBHBIE Pe3.

' A cudtalo, uro namHOe wHccnenOBaHMe ABISCTCA  (DYHIAMEHTATLHBIM B

= OTHOUICHMSX U BHECIO GONBINON BIILL 1 PASBIITHE g-HCeUHCACHIA B posHO- tididepet

= YPaBHEHHSX. B yacTHOCTH, HEKOTOPbIE OCHOBIIBIC PE3YIbLIaThl JIAHHOH JIOKTOPCKOI JIHE

S—’s YKE OlyOIMKOBAHbI B BBICOKOPEHTHHIOROM aypuaie «Filomat» (Scopus, Web of Science
g_—: KaHZMAAT HPCACTABIIAN X HA HEKOTOPBIX MENIYHAPOIHBIX MATEMATHYCCKIX KOHbepeH.
G CeMHHapax.

r 5 [loxsoas uror, cuurato. uio no HAYUHON 3HAUMMOCTH U HOBH3HE HOIYUCHHBIX pe sy ibI

Oe3 comuenns, noxropekas Amceeprauns  Hapumana TokmaramGetora na TeMy «KBaHTL
HCIUCIICHHE 1 €ro NpUMeHeHHe K Anddhepertmaisipiv YPABHCIHAM € JIpOOHBIMH 1IPOH 380, 1HbIN

| YAOBJICTBOPACT  BeeM  TpeboBaHHsM. HPCIABABISACMBIM - K JOKTOPCKOI AHCCCPTALHH  BCCh
=== X0pouiero MEALYHAPOJIHOTO CTanapTa. Takum 06pasoM., s HACTOSTENBHO PCKOMEH/IYIO IPHCBOMT

? Kan/mnaty crenens Jlokropa duiocodun (PhD) no cliennansioeT «61060100-Matevatieg
Y ;
= /Hoonuce/
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Pecny6inka Kasaxceran, Kaparawmmuckas oGnacrs. ropoj Kaparania.

I41ﬂ0n82022roua.ﬂ.HOTapnycrunnpnnnunorooxpywaKaparauQMHCKOHOGHHCTH.
I'panxuna  Jliopmua CepreeBHa. mucnsus  No 12004241, Bbitana Komurerowm
PETACTPAUMOHHON CitysObl M oKasanus HPABOBOH LOMOIIM MuHHCTepeTBa 100 MM
Pecry6nuku Kazaxcran, 05 mong 2012 rona. CBHACTCULCTBYIO DO/UIHIIOCTL oJyIucH,
cneﬂaﬂnoﬁrummnonquOMITLAﬁunmacnmouhm1hdypaTomtfumaTOBHHCM.

Jnunoets  nepesojunxa yCranosiicna,  jieectiocobnocts  u HOJTHOMOY M

TIPOBEPEHBI.
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